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RELATIONS AND FUNCTIONS

MCQ (1 MARK EACH)

Let R be a relation on the set N of Natural numbers defined by nRm if
n divides m. Then Ris (a) Reflexive and symmetric (b) Transitive
and Symmetric (c) Equivalence relation (d) Reflexive, Transitive but
not Symmetric.

Let f: R—R be defined by f(x) = x?+1 , then the pre image of 10 is
(@ {3} (b) {-3} (©){3-3} ()&

A set A has 3 elements and a set B has 4 elements. The number of
injective function that can be defined from Ato B is
(a) 144 (b) 12 (c)24 (d) 64

Maximum number of equivalence relation on the set A ={1,2,3} are
(@)1(b)2(c)3(d)5

The domain of the function f : R = R defined by f (x) = Vx2 — 3x + 2
is
(a) (_ 0, 1] U [2; OO) (b) (_ 0, 1] (C) [2, OO) (d) [1r2]

ASSERTION-REASON BASED QUESTIONS

In the following questions, a statement of assertion (A) is followed
by a statement of Reason (R). Choose the correct answer out of the
following choices.

(a) Both A and R are true and R is the correct explanation of A.

(b) Both A and R are true but R is not the correct explanation of A.
(c) Ais true but R is false.

(d) Ais false but R is true.

Assertion (A) : f: N—N given by f(x)=5x is injective but not
surjective
Reason (R) : If co-domain # range, then the function is not surjective

Assertion (A) : The relation R in the set {1,2,3} given by
R={(1,1),(2,2),(3,3),(1,2),(2,3)} is an equivalence relation
Reason (R) : A relation R is said to an equivalence relation if R is
reflexive, symmetric and transitive.

Assertion (A) :Let A ={1, 2, 3,4,5} and B = {a, b}. Then the number
of surjections from A into B is 32.

Reason ( R) : The number of functions that can be defined from A =
{1, 2, 3,4,5} to B={a, b} is 32

Assertion(A) : sin}(x) = (sinx)*
Reason ( R) : Any value in the range of principal value branch is
called principal value of that inverse trigonometric function.

Assertion(A) : The domain of the function sec*2x is
1 1

(00,~3] U[; )




Reason (R) : sec?(-2) =%

VERY SHORT ANSWER (2MARKS EACH)

131

Find the value of sin™! [sin (7)]

Find the principal value of tan’}(v/3) —sec? (-2).

Letf: R — R be defined by f(x) = cosx, show that f is neither one-one
nor onto.

Evaluate Sin (> — Sin—1(_~/2_§)

Evaluate sin™? [Sin (137”)] + cos™! [COS (13_71)]

7
SHORT ANSWER (3 MARKS EACH)

Let f: N— N be a function defined as 9x? +6x -5. Show that f: N- S,
where S is the range of f is bijective.

1
2—C0SXx

Vx € R . Then

Letf: R — R bde the function defined by f(x) =
find range of f.

Evaluate Cos(cos;l(-g ) ?” )

Let A=R—{3},B =R-{1}. If A - B be defined by f(x) =g, Vx €
A.Show that f is bijective.

Let T be the set of all triangles in a plane The R is defined by R ={(T;
,T2) : Ty is similarto T,. T1,T, € T}. Show that R is an equivalence
relation.

LONG ANSWER (5 MARKS EACH)

X

— Vx € R is neither one-
x“+1

Show that f: R — R defined by f (x) =
one nor onto.

Let R be a relation on N X N defined by (a,b)R(c,d) iff ad(b+c) =
bc(a+d). Show that R is an equivalence relation

4x+3
6x—4

IS one-one

Show that the function fin A = R-{%} defined as f(x) =
and onto. Also if f(x) =y, express X in terms of y.

Let A= {1,2,3,...,9} and R be the relation in AXA defined by
(a,b)R(c,d) if a+d=b+c for (a,b),(c,d) in AXA. Prove that R is an
equivalence relation. Also obtain the equivalence class {(2,5)}.

Show that the relation S inthe set A={x € Z : 0 < x < 12} given by
S={(a,b):a,b € Z,|a — b| is divisible by 4} is an equivalence
relation. Find the set of all elements related to2.

MATRICES AND DETERMINANTS(ALGEBRA)

MCQ, (1 MARK EACH)

L N A IPEE:
' 4 8 x —4l1’ '
@ VZ b)VE  (c) 2V2(d) 22V

2. If Ais a square matrix such that A=A, then the value of (I+A)?




—3A is, where | is an identity matrix
(@-1 (b) 1 (c) A (dA-I

3. If Ay is the cofactor of the elements a;; of the determinant

2 -3 5
6 0 4 | then the value of asz; Az IS
1 5 -7
(a) — 110 (b) 0 (c) -22 (d) 110
1 2 -1
IfA=|-1 1 2 ] then |adj(adjA)| (a) = 14* (b) 143 (c) 142 (d)
2 -1 1
14

A is a square matrix of order 3x3 such that |A| =5 then |3A] is equal to
(@)45 (b) 27 (c) 81 (d) 135

VERY SHORT ANSWER (2MARKS EACH)

If [2x 3] [_13 S] [g] =0 find the value of x

4 4 8 4
Finda Matrix Aif|1| A =1 2 1
3 3 6 3
0 a 3
The matrix [2 b 1] is skew symmetric find a, b and c.
c 1 0
Given A:[_24 _7 ] Prove that A% -9A +2I =0 and express A in
terms of A

For what value of x the matrix [5 ; x X jr' 1] is singular.

SHORT ANSWER (3 MARKS EACH)

I A:LlL ﬂ Evaluate A2 -2A-71 and hence calculate A*
2 0 1
Express [2 1 3] as the sum of symmetric and skew symmetric
1 -1 0
matrices
1 2 3
Find the adjointof A, A=(2 3 2]
3 3 4
50 4 1 3 3
GivenA=|2 3 2|,B'= ‘I 4 3|, compute (AB) .
1 2 1 1 3 4

Find the equation of the line joining the points (3,1) and (9,3) using
determinants

LONG ANSWER (5 MARKS EACH)




2 -3 5

3 2 —4
1 1 =2
2X-3y+5z =11 ,3x+2y-4z =-5 |, X+y-2z = -3.

If A= find A1, using A solve the system of equations

Using matrices solve the following system of equations% + % +

0 _, 46,5 g 649, 20 _,
x y z

z x y z

Using matrix method, solve.
8Xx—4y+z=5, 10x+6z2=4,8x+y+6z=5

1 -1 2 -2 0 1

Use the product |0 2 -3 9 2 -3| andsolvethe
3 =2 4 6 1 -2

system of equations x+3z =9 , -x +2y -2z=4 , 2x -3y+4z=-3

The sum of three numbers is 6. If we multiply the third number by 3
and add second number to it , we get 11. By adding the first and third
number we get double of second number represent it algebraically and
find the numbers using matrix method.

ANSWERS
MC | ANSWERS 1)d 2)c 3)c 4)c 5a
Q
A&R | ANSWERS 1)a 2)d 3)d 4)d 5)c
SA

o [sin (22)] = s~ s (2r )
= sin™? [sin (— g)]

tan(v3 ) —sec! (-2) = % - (r —sec? (2)
=2 - +cos’()

= — -1 +—-
3

So fis not one-one
-1<cosx <1V x€R.Nopreimageforxe (-00,—1] U [1,00) .. f is not onto.




4 Sin (= — sin‘l(—ﬁ) =Sin (& + sin‘l(\/—g)
2 2 2 T 2
=Sin (g + ?
. T
= sin( . )n
=sin(r - —)
6
. T
= SIn—
6

5 -1 . 131 -1 131
Sin Sin T + COS CoS T

= sin~? [sin(Zn — g)] + cos™* [COS (2” - g)]

=sin~ sin ( — 2)] + cos~ [cos (2)|

SA1 | One-one
f(x1) = f(x2)
9x1% +6X1 -5 = 9x2% +6X2 -5
(X1 - Xx2) (9x1+9x2+6) =0
X1 - X2 =0
X1 =X2
fis one-one.
f(x) =9x? +6x -5
y = 9x? +6x -5
=(3x+1)? -6
-1+

X=Ty+6€NinyS.

f is onto.
f is bijective.

2 ) ==

2—cosx
1

y = 2—CoSsx
we know that,-1<cosx <1Vx€R

1
CoSX = 2-—

Range of fis [1/3,1]
Vs

Cos{cos‘l(-\/y§ )-§)= Cos( m — cos'l(g) - =)
T T
—Cos2 (m — 1—6 ——6)
T
—cos(—s) =- 3

-2
4=

one-one




f(x1) = f(x2)
x1-2  x2-2
x1-3 ~ x2-3
X1= X2, fis one-one

Onto

_ x—2

fis onto
f is bijective.

A relation Rin T is said to be an equivalence relation if R is reflexive, symmetric

and transitive.
Reflexivity

Since every triangle is similar to itself

=~ R is reflexive

Symmetry

(T1,T) € R, Tyissimilarto T,

Tyissimilarto T, , (T2, T1)) €ER

R is symmetric

Transitivity

Ty issimilarto T, , T, is similar to T3 then Ty is similar to Ts. Hence R is
transitive.

R is an equivalence relation.

LAl




fe)=f(x)

X X,

= "3 . 2
x +1 x5 +1

4 ' r ]
= _1.;1_1’3 -+ _'rl = _\‘J xl - _‘{J
= XX, (x,-x)=x,-x
=X, =X, or x x,=1

We note that there are point, X, and x, with X, %X, and j'{_t'l]l =‘,:"{_'|::]|w for instance, 1

] 2 2 1
we take X, = 2 and x,= E then we havef{xl} =§ andf{x:} = E but 2#5_ Henc

/15 not one-one. Also, f1s not onto for 1f so then for 1e R 3 x € R such that f(x) =

A relation R in T is said to be an equivalence relation if R is reflexive, symmetric

and transitive.
Reflexivity
(a,p)e NXN
(a,b)R(a,b) if ab(b+a)
= ba(a+b)
=(a,b)R(a,b)
R is reflexive
Symmetry

(a,b) ,(c,d)e NXN

(a,b)R(c,d) — ad(b+c) = bc(a+d)
bc(a+d) = ad(b+c)
cb(d+a) =da(c+b)

(c,d)R(a,b)
Ris symmetric
Transitivity
(a,b)R(c,d) — ad(b+c) = bc(a+d)
le,~ + = =2 42 (1)

b c a d
(c,d)R(e,f) — cf(d+e) = de(c+f)
1 1 1 1
ey e = vy
1 1 1
(1) +2)> o +- =- +
af( b +e) = be (a+f)
(a,b)R(e,f)
So, R is transitive

R is an equivalence relation.

f(x) =fly)

4x+3 4y+3

6x—4 6y—4
X=y
fis one-one
onto
y=f(x) =
4y+3
=6y—4

4x+3
6x—4




4y+3

6y—4
f(x) = 64)31;+3 4
6y—4
f(x) =y
ie, fis onto

So fis bijective.

A relation R is said to be an equivalence relation if R is reflexive, symmetric and
transitive.

(a,b)R(c,d) if a+d=b+c

Reflexivity

(a,b)e AXA

(a,b)R(a,b) if a+b = b+a
le,(a,b)R(a,b)

R is reflexive

Symmetry

(a,b) ,(c,d)e AxA

(a,b)R(c,d) if a+d=b+c
b+c = a+d
ctb =d+a
(c,d)R(a,b)
R is symmetric
Transitivity

(a,b) ,(c,d),(e,f) e AXA
(a,b)R(c,d) if a+d=b+c ----- (1)
(c,d)R(e,f) if c+f =d+e ------ (2)
(1) +(2) ma+f=b+e
(a,b) R (e,f)
R is transitive.
Ris an equivalence relation

Elements related to (2,5) are {(2,5),(1,4),(3,6),(4,7),(5,8),6,9)}

A relation R is said to be an equivalence relation if R is reflexive, symmetric and
transitive
Reflexivity
|a-a| =0=m(4) V a € A, R is reflexive
Symmetry
(a,b) e R = |a-b| =m(4)
then |b-a| =m(4) = (b,a) e R
R is symmetric
Transitivity
(a,b)&(b,c) € R
= |a-b| = m(4) and |b-c| =m(4)
|a-b+b-c |=m(4) £ m(4) =m(4)
R s transitive
Therefore R is an equivalence relation
[2] ={2,6,10}




UNIT 2

ANSWERS 1)d 2)b 3a 4)a 5)d

MC
Q
VSA L
. 2| |x
! Wehave 2x 3 =
“|=3 0| |8
. X
= [2x—9 —'I};| l]=ﬂ
: 8
= [2x — 9x +32x] = [0]
= [2x* +23x] = [0]
= 2x* +23x =0
Orx(2x+23)=0
—23
=x=0x=—
2 Let A=[xy z]
4 4 8 4
[1‘ [xyz] = [1 2 1
3 3 6 3l
4x 4y 4z 4 8 4]
x y z =[1 2 1
3x 3y 3z 3 6 3l

X=1,y=2,z=1
A=[121]




Since, A is skew-symmetric matrix.

A=-A
0 2 c|fo a 3
=la b 1112 b 1
3 -1 0]|e 1 0
0 2 ¢][0 —a -3
= |la b -2 b 1
3 -1 0] [ -1 0

By equality of matrices, we get

a=—-2.c=-3andb=-b=b=0

a=—2b=0andc=-3

4 AZ -9A +21 =0 (proof)
ie, A-91+2A1=0
2AT =9]-A
5
. S5—-x x+1 . i
For matrix 2 : being singular
3—-x x+1|
2 4|
= 20—4x—2x—2=0
= 18—6x=0
= 6x=18
18
— = — =
76
SA1

il I R e e P

=0
ie, A-21 -7TA1=0




7AT =A2I
1 2 2 0
:[4 1]2_[0 2

% A

5 0 4 1 3 3
A:[Z 3 2] B'1=[1 4 3]
1 2 1 1 3 4
|A|=-3
A= |0 -1 2
-1 10 -15
(AB)! =B1A?

1 3 3
=(1 4 3

1 3 4
2

1 -8 12]

1 -8 12
[0 -1 2]
-1 10 -15
-2 19 =27
=[—2 18 —-25
-3 29 -—42




5 Let p(x. v) be any point on the line joining (3. 1) and (9. 3)
x v 1

3 1 1/=0

9 3 1

F:=2R:—Ri:R;=R; —R,4
X y 1
3—-x 1-y 0/=0
O-x 3-y 0
= 1E-x)3-y) -1 -y)O-x]=0
=20 -3y - 3x+xy+x—9+9%y—xy=0

=6y —2x=0
= x =3y
Al 2 3 5
A=|3 2 —4
1 1 -2

Al =2(—4+4)+3(—6+4)+ 53 -2)

=—6+5

1 -5 13

aia |01 2

=232 o 23
IAl

-1 5 13




2x—3y+5z=11

x+ly—4z=-5

x+y—2z=-3
2 -3 5 X 11

s LletA=|3 2 4. X=|y|. B=|-5
1 1 -2 z =3

AX =B

=X=A"B

x| o 1 -2 11

=|-2 9 =23 =5

z| |-1 5 -13] [-3

o -1.|

y| =12

A




X i
2pt3q+10r=4
dp—6q+ir=
6pt+9q—20r=2
AX=B=X=A'B
2 3 107 [p 4
4 -6 5 ql = |1
6§ 9 20| |r 2
23 m] 2 3 m]
A=14 6 5 |.JAlI=|4 6 5
6 0 —2:JJ 6 © —2:JJ
= 2(120 — 45) — 3(—60 — 30) + 10(36 + 36) = 1200
75 110 72
cofactorofA=|150 —-100 O
75 30 24
1 75 150 75
T=—_ 110 -100 O
1200
72 0 -24
1 75 150 75 [4
X=AT"B=— =
500 110 —100 0 1
72 0 24| |2
p] : 600 1/2
q| = 400| = [1/3
1200 _
i 240 1/5
i 2
vl =13
Z] 5




-6 25 =24

Al=-1 —12 40 -38
10 —40 40
X=A'B
€T —b6 25 =24 ]
y | =15 —12 40 -38 1
z 10 —40 40 5
x| [ =30+ 100 — 120
y | =15 | —60+160— 190
z 50— 160 + 200
[ ] [ —50
y | =35 | —90
z a0l
e 1
y | = —9
z ]
1 -1 27 -2 0 1
c=[o 2 -3| D=1]9 2 —3]
3 -2 4 | 6 1 -2
CD=1
D=C?
x+3z =9,
-X +2y -2z=4 ,
2X -3y+4z=-3
AX=B
1 0 3 9
A=[-1 2 —2‘ = 4‘
2 -3 4 -3
A=CT
A—l :(CT)—l
:(C-l)T
=(D)’
-2 9 6
=0 2 1]
1 -3 =2
X=AlB

-2 9 61[9
slo 2 1]]|4
|1 -3 —2l[-3




Let the first, second & third number be x. y. z respectively
Given,

SLXtytz=6

y+3z=11

xtz=2yorx—2y+z=0

1 1 1 X 6
HenceA=1|0 1 3|.X=|y|&B=|11
1 2 1 z 0
7 3 2
Hence,adj(A)=|3 0 =3
-1 3 1
Now,
A‘1=iad'(ﬁj
A1
: 7 3 2
Al=—13 0 -3
9
-1 3 1

Solution of given system of equations is
X=A"B

N
y|=5]3 © 3|1
z] -1 3 1]|]o0
[ [2 38 0
y|=5 (18 0 +0
| —6 +33 +0




[
27
x| 1
¥y =2
|z 3

Chapter Continuity and Differentiability

MCQs (1M)
1) Ify = sin!x, then (1 — x?)y2 is equals to,
) xy1 (b) xy (c) xy2 (d) x?
2)
Leoste jfx 20
The value of k for which the function, f(x) ={ 8 ] is continuous atx =0,
k, if x=0
(a) O (b) -1 ()1 (d)2

3) Which of the following is not a continuous function in their domain,
@sinx  (b) [x +2| () et (d)x]

— 42 N — dy .
4) If x = at’,y = 2at, then =Is equal to
a) t b)l/t «c) -1/t> d)None
5)

finx

The derivative of  tan™(——) with respect to x is
1+cosx

a0 b)lc)-1 d)2

VSQ(2M)




6) Find derivative of sin(log x) w. r. t. log(x?).

7)  Find the derivative of

2x+1

i1
sin (1+4x) W.r.to X

8)
Find derivative of f(e®™=}w.r.t. x, at x = 0, given that, f(1) = 5.

—-2x
x2+1

9) Ify= log(x+V1+ x2) prove that y, =

10) If x \/1+y+ yV1+x =0 provethat ? =1

x  (1+x)2

SA(3M)
11) Ify = x5 4 (sinx)* find
_ G SRR - < . dy
12) If y=x* ,flnda

13) If y = e®<°s"'* Prove that, (1 — x2) y, - x y; — a’y = 0

14)If the function f(x) given by
dax+b, if x>1
flx) = 11, ifx=1
bax — 2b, ifx<1
is continuous at x = 1, then find the values of a and b

. for2 AR Af Y , dy =ty

15 If log (x* +y<) = 2 tan (;) show that = = —
;= n o 2 dzy dy —n2y,
16) Ify = [Stf—l- V1 -|-I£E) , then show that (1 +x%) o +x - = n%y.

2
Ify = loglx + /22 + a?], then show that (x2 + 5299 W g :

17) Tdz? ' Tdx



18) If y = (tan™! x), then show that (x? + 1)2 % + 2x(x* + ’I:}% =2
Ifx=acosB+bsinB, y=asint—bcosB, then shc:*.ﬁ.rthatysz — xﬁ +y=0.
19) dr dz
2) Ifx=ase0383ndy=atan38,ﬂﬂd%am:%.
Continuity and Differentiability
(Complete solutions)
MCQ (1 M)
1) a
2) ¢
3) d
4) b
5) a

VSA (2 M) 6)



Llet 4 = sin(log x)
dA cos (log x)
— =

dx x
Let B =log(x?) =2logx
dB 2
— = _
dx x
dlsin(log )] dA cos (log x]
Hence, d[log(x?] ~ dB 2
7)
let v = sin-! L]
- 1+4%
N
— y=sin-1 (Wj
Let, 2* = tan®
dg
— 2%log 2 = sec?f __
dx
dg x
L 2% log 2
dx secif
2.tang

Hence, v =sin-1 ) = sin1(sin 28) = 26

1+tanlf

dy 5 de 2¢log2 2®l]log2 2¥llog2
—_— = - = =
dx dx secid 1+ tan?@ 1+ 4=

8)
Let, A = f(e=m)
dA
—__ = f(emn ). e=nx secix
dx
Atx=0, 2= f'(etan0), gtanl zec20
D . .
dA
—__ =f(1).(1).(1) =5
dx
9)

..(_u\. L

= |1+ |=
Zl CxevEeAl I‘ E'n."x-"+1J VEZ+l

-2x

BRCRELES!

10)



:Since.x\,fr1+y+y\."r1+x=[}
Saxvi+y=—ywil+x
= x2(1 +y) = v1 + x)

—lez_};z+x2y_}?2x=0

= (x+yMx—-y)+xylx-v)=0
S (x-—wlx+y+xy)=0

(iJx —¥=0 itisnotpossible

or (ii)x+y+xy=0
—yl(l+x)=-x
—x
_,y:1+x
dy (1+x(-1)-(01) -1
Tdx (1+x)? T+ x)2
11)

Le‘t, A=xsnx gnd B = (sin x)=

So,v=4+ B
dv dA dB
= -+

e A — —
dx dx e

Since, A = xsinx
logAd = sinx .logx

1 dA sin x
— = COSX_. 10D X +
A dx x
oA ) sin x
— = xsinx (cos x . logx + J
dx x
Since, B =(sin x)*
—+log B = x .log(=sin x)
1d5
— ———— = x .cotx + log([sin x
B dx log(. ]
dB
— = (sinx])* (x .cot x + log(sin x]])
dx

= xsinx (cos x .logx + ") +( sin x)* (x . cot x + log(sin )]

d
Hence, bl




12)

—:i}.?:x}’

= logy =vilogx

T vdx T x o8 gy
dy 1 r
—’—yl_+1ﬂgx| = J_
dx v x
dj.—’ 1+ v IDEI Vv
— .
dx Vv X
dy V2

— =
dx ~ x(1+ylogx)

13) y = eacos‘lx

y1= eacos‘lx X —a

—>‘u"r1—xzy1=—a}r

S VT-x°y, — —2xy1 —y
2vV1— 2
2xy1 ay
— V1 —x2ys —

2V1-x2  V1-x2
— (1 - xPyz—xy1 = ay

14)



Jax+ b, ifx>1
Given, f(x) = 11, it x=1
Sax —2b, if x<l

is continuous at x =1,

LHL = RHL = f{1) A1)
Now, LHL= lim f{x)= lim (5ax - 2h)
=1 =17

= lim [5a(l — A — 2b]
h—=0

[putx =1 - h; when x = 17, then h — 0]

= lim (5a — 5ah-2b)=5a-2b
h—0

and RHL= lim (3ax + b}z;,]in-f;. [B3a (1 + K + b]
—

x=1*

[put x =1+ h; when x =17, then h— 0]

= lim (3a+ 3ah+by=3a+ b
b= 0

Also, given that f{1) =11

substituting these values in Eq. (i), we get
5a-2b=3a+b=11

and5a—-2b=11....... (iii)

On subtracting 3 x Eq. (iii) from 5 x Eq. (ii), we get
15a + 5b — 15a + 6b = 55 — 33

>11b=22=>b=2

On putting the value of b in Eq. (ii). we get
Ja+2=11=>3a=9=a=3

Hence,a=3andb =2

15)

On



16)

log (x? + y%) = 2 tan”’ (%]
on differentiating both sides wrt. x, we get

I dy 1 yVix—y
=3 (Ex+ 2y :ix) 2: 5 {__Z]

Xy 1+
xl
Ax+y-y) 2 (y'x-y
it 2 ] z
Xt 4y 2+ x
dy
y'=—]
B
= x+yy=yx-y
=5 yVix—-w=x+y
- yf:?f+.}'
X=Yy
. dy_x+y
dy x—v
Hence proved.

Given, y = (x+ J1+ 12) (1)

On differentiating both sides w.r.t. x, we get
li{y—ah:{.r+1||'jL+.:vc}|” I[l+ }
1+ x?

[by using chain rule of derivative]

= onx+ 1+ 4" I[Xj{lﬁﬂx]

2vH
. gz=n[x+1"il+x}
dx Jl+,!r2

. dy ___ny

dx 1+ x2

[from Eq. (i}]




= 1,||'1+x2§x£=ny .. (i)

Again, differentiating both sides w.r.t. x, we get

2

dx? 2-.,‘|r'1+Jr:2lIlijr dx

==:-{l+x}‘ix—+x -n.,l' dy

[multiplying both sides by 1 + x*]

1+ x

=:-{l+x}|g+x$—n\f1+xz- ny
dx*? dx J1+ x°
[from Eq. (ii}]
dy _ 2
+ x —+x =n
L+ X9 T ¥

Hence proved.

Given, v=Ilog [x+1.lx2+a2]

On differentiating both sides w.r.t. x, we get

17)

ﬁ:___...l £ {x+-.,.1'x +a ]
de x4 yx?+a’ dx
_{]og_ﬂ x)) = ——f[ ]
fix)
dy 1 2x iﬁ?
-  A_ 1+
X x4 \[x*+a? 2/ x2+a?
‘i{ x* 4+ a?) = ! x 2x
dx 2 x* + a*
Z 2
_ dv_ 1 Jx“tat+x

Again, on differentiating both sides w.r.t. x,
we get

1,|'x2+a‘_’i a ), &, d{ﬁjx2+a2}=%

dx \ dx adx  dx
[by using product rule of derivative]

dy 1-2x
dx 2. /x*+a’
On multiplying both sides by + x* + a®, we get
4y 2 7,2, dv _ xvx*+a® _

PiNxtaatye Do XNX *d _ g
Ix dx et aal

2z
s (x?+ad) i{y + X =0 Hence proved.

— =




18)

Given, y = (tan™" x)*

On dif t"erenliating both sides w.r.t. x, we get

If}-" —v'[ﬂ_'ﬂ "1 =q,_l_.__h
1+ x* 1+x1J

= 1+ x} Y _3tan™ x
dx

= 2[31’1 X.

dy _ 2tan”' x
dc 1+ x°

Again, differentiating bmh sides w I.t. x, we get

). d(d), & .
ﬂ+'x)¢ir[dx] dr:irﬂ+x dx{ztan x)

[by using product rule of derivative]
d? y dy 9 = 2
:ir 1+ x*
d -1 1
v —(tan " x} = }
[ dx 1+ x°
On multiplying both sides by (1 + x?), we get

= [1+,r}

&’y dy 2
+ x2S 1+ xY =
A+ x%)"—= L+ x% T

zﬂ'_}’
dx?

S+ XY

= (1+x +2x{1+x2]dy 2

19)
Givenx=acosB+bsing, (i)
andy=asin8-bcosB ... (i)
On differentiating both sides of Eqs. (i) and (ii) w.rt. 8, we get
dx

2 = — asin® + bcosh ..-{iii)
40
and ﬂ=,:u:r;1slil+ bsin® .(iv)
Now. dy _ dy/df _ acosb + bsin®
dx  dx/dB  bcosB — asind
[dividing Eq. (iv) by Eq. (iii)]
. 4~ X Ifrom Eqgs. (i) and (ii)] ...(v)

dx -y



Again, differentiating both sides of Eqg. (v}
w.r.t, x, We get

y-l—x- dy

20)
Given, y = atan’0 and x = asec’®

On differentiating w.r.t. 6, we get

Y 3atan29-fd—(tan6)
do de

and & 3asec26—d.(scc6)
d0 de

= ¥ - 34tan20 sec?0
doe

and % = 3asec’0 sech tan®

dy _dy/d0 _ 3atan’fsec’d
dx dx/d® 3asec’dsech tan@
dy _ tan® _ sin®

dx  secH

Again differentiating both sides w.r.t. x, we get

d{d*v) d . d . . . de

—| —= | = —{sinf) = —(sin6) —

dx(sirz) dx 26" %

_ cos _ cos’8

3asec’®tan® 3 asind
A[B:Er
3

5
1
a mssf (—)
dy _ 3 __\2)

1x2 1

T Px3ad3 483a




Application of derivatives

MCQ (1M)
1) The real function f(x) = 2x3—3x* - 36x + 7 is

(a) Strictly increasing in ( -o,-2 ) and strictly decreasing in(-2 , oo )
(b) Strictly decreasingin (-2, 3)
© Strictly decreasing in (-o=, 3) and strictly increasingin (3, o)

(d) Strictly decreasing in (- ==,-2) U (3, o)

2) If y =x(x— 3)* decreases for the values of ‘x’ given by

(a)1<x<3 (b)x<0 (c)x>0 (d)0<x<3/2

3) The function f(x) = tanx — x

(a) Always increases (b) Always decreases (c) Never increases (d) Sometimes increases and sometimes decreases

4) The function f(x) = logx is strictly increasing on

(@) (0,2°) (b)(-=,0) (c)(-e°, =) (d)None

5)The function f(x) = 2x3— 3x?> — 12x + 4, has

(a) Two points of local maximum (b) Two points of local minimum (c) One maxima and
one minima (d) No maxima or minima
VSA (2M)

6) Side of an equilateral triangle expands at the rate of 2 cm/sec. Find the rate of increase of
its area when each side is 10 cm .

7) Show that the function f(x) = x3 — 3x2 + 6x — 100 is increasing on R.

8) The radius r of the base of a right circular cone is decreasing at the rate of 2 cm/min and its height h is
increasing at the rate of 3 cm/min. When r = 3.5 cmand h = 6 cm, find the rate of change of the volume of
the cone. [Use © = 22/7]

9) Find the maximum and minimum values of the function given by f(x) = -(x = 1) +

10.



10) A window is in the form of a rectangle surmounted by a semi-circular opening . If the perimeter of the
window is 10 m, Express y in terms of x

SA (3M)

11) Find the intervals in which the function f(x) = -2x3 — 9x2 — 12x + 1 is
(i) strictly increasing
(i) strictly decreasing,
12) Find the intervals in which the function given by f(x) = x4 — 8x3 + 22x2 — 24x + 21 is
(i) increasing,
(i) decreasing.

13) Find the intervals in which the function given by f(x) = sin x + cos x, 0 < x < 21 is
(i) increasing
(idecreasing.

14) A ladder 5 m long is leaning against a wall. Bottom of ladder is pulled along the ground away from
wall at the rate of 2 m/s. How fast is the height on the wall decreasing, when the foot of ladder is 4 m
away from the wall?

15) Find the point on the curve y? = 2x which is at a minimum distance from the point (1, 4).
CBQ (4M)

16) Sonam wants to prepare a sweet box for Diwali at home. For making lower part of box, she takes a square
piece of card board of side 18cm. based on the above information, answer the following questions.

Based on the above information, Answer the following questions.

1. If xcm be the length of each side of the square cardboard which is to be cut off from corner of the square
piece of side 18 cm, then x must lie in

A [0, 18] B. (0, 9) C.(0,3) D. None of these.
2. Volume of the open box formed by folding up the cutting corner can be expressed as

A. V= x(18 — 2x)(18 — 2x)



B. V= x/2(18+x)(18 —x)
C. V= x/3(18—2x)(18 + 2x)
D. V= x(18 — 2x)(18 — x)

3 The values of x for which % =0 are

A 3,2 B.O,3 C.0,9 D.3,9

4  Sonam is interested in maximizing the volume of the box. So, what should be the side of the square to be
cut off so that the volume of the box is maximum

A.13cm B.8cm C.3cm D.2cm

5. The maximum value of the volume is

A.144cm?® B.232cm? C.256 cm? D. 432 cm?

17. An architect designs a building for a multi-national company. The floor consists of a rectangular region with
semicircular ends having a perimeter of 200m as shown below:

-
>
W |—=—

i
el

Design of Floor Building
Based on the above information answer the following:

1 If x and y represent the length and breadth of the rectangular region, then the relation between the variables is
A.x+my=100 B. 2x + Ty =200 C.tx+y=50 D.x+y=100

2. The area of the rectangular region A expressed as a function of x is
A.2(100x-x2) B.—(100x-x?)  C.5(100-x)  D.my? + —(100x-x?)

3. The maximum value of area A is

n 2

A. 3200m

3200
B —m?



18. A company makes closed water storage tank. The water tank is cylindrical in shape. Let

S be the given surface area ,r be the radius of base and h be height of the tank . Based on the

information provided, answer the following :

1. Relation between S,rand h is:
(@) S =2mrh+2nr?
(b) S =2nrh+mnr?
() S =mnr*h+mnr?

(d) S =mr’h + 2mr?

2. Volume of the tank in terms of Sand ris :

2 3

rs—mr rs—mr? rs—2mrs rs—nr
2 - 2 2 3

3. dv/dr
(a) S+3mr?

(b) 2

S-6mr?

(c)

(d)

S+2mr?

S-2mr?




4. If the volume is maximum ,then the relation between r and h is:
(a) h=r
(b) h=3r
(c) r=3h
(d) h=2r

Solutions : Application of derivatives

Dec
2)a
3)a
4)a
5)c
SA(2M)
6) % =2 cm/sec Azgx2 % =§ . 2X % =10 V3 cm?/sec

7) Given, f(x) = x® — 3x? + 6x — 100
On differentiating both sides w.r.t. X, we get
f(X)=3x2—6x+6=3x>—6Xx+3+3
=3(x°-2x+1)+3=3(x—-1)?+3>0
=~ f'(x) > 0 This shows that the function is increasing on R



8)

Given ~‘;—: = — 2 cm/min (decreasing)
dh e . .
and T = Jcm/min (increasing)..{)
Volume of cone V= %ﬂ:rzh
av _ 1 _d
il L
1 2 dh ar
= Lp|?-EL 4 2pnll
3 “[r dar T ar
= %n(sﬁ-:;rﬁ) [using ()]
av _1,
T odr =3.5cm 3
h=6cm

[3(3.57 — 4 x 3.5 % 6]
- %m{a < 12.25 — 84)

= %:.;(36.?5 — 84)

= —1?;-:: x (— 47.25)

= — 15.75 m cm’/min
Volume is decreasing at the rate of
15.75n cm’/min.

9) -(x-1)2<0forx€R
=-(x-1)*+10<10

= f(x) <10,

Maximum value = 10.
Minimum value = Nil.

10) Since, perimeter of the window is 10 m.
22X +y+y+ nx/2=10

y= 5-X-nx/4

SA(3M)

11)



Given, f(x) =-2x3-9x2—-12x + 1

On differentiating both sides w.r.t. x, we get
f'(x) =—6x2—18x — 12

= f'(X) =—6(x2+3x + 2)

=2 f(X)=—-6(x2+2X + X +2)
=2>-6[xX(X+2)+1(x+2)
=2>-6(X+2)(x+1)

Now, put f'(x) =0

= -6(x+2)(x+1)=0

=>X==-2,-1

The points, x == 2 and x = -1 divide the real line into their disjoint intervals (-«,-
2), (-2,-1) and (- 1, «),

(-) (+) )

a . .

The nature of function in these intervals are given below:

Sign of f'(x)
Interval Nature of function
F'(x) =-6(x + 2)(x + 1)

(-0, -2) OEE=0()<0 Strictly decreasing
(-2, -1) B E=H>0 Strictly increasing
(-1, «) OHFHEH=(<0 Strictly decreasing

Hence, f(x) is strictly increasing in the interval (- 2, -1) and f(x) is strictly decreasing in the
interval (- <, — 2) U (-1, ).



12)

Given function is

f(x) = x4 —8x3 + 22x2 — 24x + 21

On differentiating both sides w.r.t. x, we get

f(X) = 4x3 — 24x2 + 44x — 24

=4(x2—6x2+ 11X —6)

=4(x —1) (x2=5x + 6)

=4(x-1) (x-2) (x = 3)

Putf'(x)=0

24X -1)(x-2)(x=-3)=0

=>x=1,2,3

So, the possible intervals are (-«, 1), (1, 2), (2, 3) and (3, «).
For interval (- =, 1), f(x) < 0 For interval (1, 2), f(x) > 0
For interval (2, 3), f'(x) < 0 For interval (3, «), f'(x) > 0.

Also, as f(x) is a polynomial function, so it is continuous at x=1,2,3.............
Hence,

(i) function increases in [1, 2] and [3, «).

(ii) function decreases in (-~, 1] and [2, 3]

13)

Given function is f(x) = sin X + cos X.

On differentiating both sides w.r.t. x, we get

f'(x) = cos x — sin X

Now, put f'(X) =0 = cos x —sinx =0

= tan X =1=X =n/4,5n/4,as 0 S X < 21

Now, we find the intervals in which f(x) is strictly increasing or strictly decreasing

. Test flx) Sign of
Interval value = =cosx -sin x f'(x)
' |4 ., T '
ﬂ{xr:E Atx:f 0§ — — 510 — +ve
6 6 6
V3 1_43-1
2 2 2
T 5T T | .
—<x<— Alx=_—_ " (C0s— —sin— —ve
4 4 2 2 2
o =0-1=-1
E{x{}:n AIx=§E-cu53—ﬂ—sin3_ﬂ +ve
4 : 2 2



Note that, f'(x) > 0 in (0, n/4), f'(x) < 0 in, (n/4,5r/4) and f'(x) > 0 in (5n/4, 2T).
Since, f(x) is a trigonometric function, so it is

continuous at x =0, n/4,5n/4 and 21r.

Hence, the function is

(i) increasing in [0, n/4] and [5n/4, 217]

(ii) decreasing in [n/4,5r/4]

14)

First, draw a rough figure of a right angled triangle, then use Pythagoras theorem.
Further differentiate the relation between sides with respect tof and ; simplify it

Let AC be the ladder, BC = x and height of the wall, AB =y.

B = X >
As the ladder is pulled along the ground away

from the wall at the rate of 2 m/s.

So, dydx = 2m/s

To find ,when x = 4,

In right angled MBC, by Pythagoras theorem, we get
(4)? + (BC)? =(AC)?

X2 +y?2=25

(42 +y>=25

16 +y2=25

y?=9

y = \9 [taking positive square root]

ny=3

On differentiating both sides of Eq. (i) w.r.t. t, we get



zxdf+zy53=n=> LI yﬁ=ﬂ ..(ii)

dt dt dt dt
[dividing both sides by 2]
On substituting the values of x, y and =

in Eq. (ii}, we get

(4x2)+ ?axd—y=
dt

= 3+3x£—[}
dt

ﬁ:;gmf's

dt 3
Hence, height of the wall is decreasing at the rate of 83m/s.
Note: In a rate of change of a quantity, +ve sign shows that it is increasing and — ve sign
shows that it is decreasing.

15)

The given equation of curve is y2 = 2x and the given point is Q (1,4).
Let P(x, y) be any point on the curve.
Now, distance between points P and Qis given by



PQ=(1- 2%+~ »?
[usmg distance formula, ]

d=wj{xz - xl}z + (¥, - }"I}2

= PQ=q1 + x> -2 + 16+ y* — 8y

=Jxi+ P -2 -8y +17
On squaring both sides, we get
PP =x+y - 2x - 8y+17

= PQZ=(£)2+yZ—Z[£]—Ey+1T
2 2

{gwcn, y == x= J"z]

—*]"1—+y2 y: -8y +17
4

= PQ* = %—Ey-kl'?

Let PQ2 =

Then, Z = y4/4 -8y +17

On differentiating both sides w.r.t. y, we get

dz/dy=4y:/4 — 8 = y3 —

For maxima or minima, put dz/dy = 0

=2y -8=0=>y3=

=>y=2

Also, dz/dy = 3y?

On putting y = 2, we get

(d2z/dyz)y=2 = 3(2)2 =12 >0

d2z/dy: > 0

«~ Zis minimum and therefore PQ is also minimum as Z = PQz.
On putting y = 2 in the given equation, i.e. y2 = 2x, we get

(2) =

= 4 = 2X

=>Xx=2

Hence, the point which is at a minimum distance from point (1, 4) is P (2, 2).

CBQ (4M)



16) 1.B 2.A 3.D 4.C 5D
17) 1.B 2. A 3.C 4. A 5D
18) 1. A 2. C 3B 4.D
Chapter 7
Integration
Multiple choice questions
1. f—f(x) -—x and f(1)=2 then f(x) =
1 1
a)57 b) 2v/x c)2Vx +2 d) sz +2
1
vz 1
2. o 1T\/_?dx T[ .
a) o b) 3 c) 5 d)>
T[ [PR)
3. If [y zdx =7, find ‘2",
a) 1 b) 2 @g mg
4. 1f(x) = [ xsinxdsx , then find = f (x)=
a) X sinx b) xcosx+sinx C) —XCosSX+sinx d) None of these
5. |ff"x—‘21exdx =e*f(x) + ¢ then f(x)=
1 1 1
a) 2 b) " C) - d) ~
2 Marks questions
sinx
1. Evaluate: [ - logx orfsin(x+a)
2. Evaluate: fm
3. Evaluate:fm 1 |
o - 1 __09x
4. Evaluate: [ [logx (logx)z]dx or [ Crlogh)?
5 1
5. Evalaute:f_slx + 2|dx orf_2|x3 — x|dx
(3 5_ Vx
6. Evalaute: [? s axor J5 AW
7. Evalaute:f1 log(ﬂ)dx or fz xV2 —x dx
COS.X
8. Evalaute:[* dx or [ de
3 marks questlons
1. Evaluate: [ —2=2

1+2x+3x2



ok~ wbdE

© N o a &~ w DN

BOo0o~N®

f 3x+5

Vx2-8x+7 2
Evaluate: f = dx
dx
Evaluatef 7+5) or [ ==
2x—-1 2x—1
Evaluate.fm X0 f(x = dx
2 __r
Evaluate.f(x2+1)(x2+4) dx orf(x2+1)(x2+4)
Evaluate: [ —222 gy or [—2dx
) (x—1)(x2+1)

(x—1)(x%2+1)
Evaluate: [ —

sinx

J-n' xsinx
0 1+cos?x

Chapter 8
Application of integration
3 marks Questions
Find the area of the region bounded by y?=x and x +y =2
Find the area of the region bounded by x? = 4y and x=4y-2
Find the area of the region bounded by {(x,y):x?> <y < |x|}

Find the area of the smaller part of x? + y? = 9 cut off by x = %

Find the area of the region bounded by y= |x + 3|and x-axis between x=-6 and x=0

5 Marks questions

Find the area of the region bounded by x? + y? = 16,y = x and x axis in first quadrant
Find the area of the region bounded by x? + y? = 16,x = /3y and x axis in first quadrant
Find the area of the region : {(x,y): x*> + y?> < 4,x +y > 2}

Find the area of the region : {(x,y):9 x? + y? < 36,3x +y = 6}

. Find the area of the region : {(X,y):0 < x < y%,0<x<y,0 <y < 2} or Find the area

of the region : {(x,y)0 <y <x?0<y<x0<x<2}

Chapter 9

Differential equations

Multiple choice questions

1.

if m and n are the order and degree of the differential equat|on — ( ) ﬁ then m+n
a)3 b) 4 c)2 d) not deflned

If m and n are the order and degree of the differential equation: % (Z—z) = /1 + (%)2
a)3 b) 4 C)2 d) not defined
If m and n are the order and degree of the differential equation: (%)2 + % =6y

a) 3 b) 2 c)4 d) driot defined
IF D%+ ()% +sin (&) +1=0

a)3 b) 4 c)2 d) not defined



5. Number of arbitrary constants in the general solution of differential equation of order 4 is

a) 0 b)2 ¢ 3 d) 4
6. Number of arbitrary constants in the particular solution of differential equation of order 4 is
a) 0 b)2 ¢ 3 d) 4
7. The general solution of the differential equation :ydxy;xdy =0is
a)xy=C b) x = Cy? c) y=Cx d)y = Cx?

2 mark questions
Find the general solution to the differential equations:3e*tanydx+ (1- e*)sec?ydy=0

Find the general solution to the differential equations: xdy- ydx =/x2 + y2 dx

Find the general solution to the differential equation: x% =y — xtan( %)

4x 1

: : - : L dy N _
Find the general solution to the differential equation:—= + ——y A e 0

A

3 Marks questions
1. Find the particular solution to the differential equation:(tan™1y —x)dy = (1+y?)dx given
that when x=0,then y=0

2. Find the particular solution to the differential equation:2yey dx+(y-2xe¥)dy = 0 given
that x=0 then y=1

3. Find the particular solution to the differential equation:x % + y = XC0SX + sinx given that
x=> then y=1

4. Find the particular solutions to the differential equation: ( 3xy + y?)dx+(x? + xy)dy=0
given that x=1 then y=1

Answers :-- Chapter 7. Integration

McQ

1. b, 2V/x
f(x)=2vx +C
f(1)=2=>2V/1 +C=2
C=2-2=0

2. ¢,

“alA

1
IN \/%dxqin‘lx]ﬁ =sin~? \/% —sin~10 =g — 0=E
3. b2

a 1 Vs
dx =—-=
fO 4+x2 8

4. a)xsinx
First fundamental theorem in calculus if A(x) =f0af(x)dx then A’(x)=f(x)

5. b) -

S

1 _1Xqd_T _1a _ T _1a T a T
>-tan~12] == =>tan"'= —tan"'0=—-=>tan 1= ==—=>-=tan- =1
2 270 s 2 4 2 4 "2 4




f—exdx f(—— =) e*dx
fx)= ;thenf’(x):— x—lz integral of the form [(f(x) + f'(x)) e¥dx=e*f(x) + ¢
2 mark questions

f dx _ f dx

x+xlogx x(1+logx)

Put t=1+logx=>dt = % dx

f dx _ dx
x(1+1logx) ) (1+logx) x

1
= f?dt = log|t| + ¢

=log|1 + logx|+C Yot 14%

or

sinx sin(t—a

[ s =T 25y
sin(x+a) sin(t)
_f sint cosa—cost sina d

dx put t=x+a then dx=dt and x=t-a % mark

t

cost sina
d

) sint
_ f sint cosa

sint sint .
=[(cosa — sina cot t)dt =cosa t- sina log|sint|+C 1 mark

cosa (x+a)—sina log|sin(x + a)|+C % mark

NP e
N
&
N
Q
W R
&
+
N
1

— lf dx
(x— )2+ 1—6+2
_ lf dx
T 3\2 -9+56
. (x_:_l) 16
e L
= f s (1 mark)

16

T2 tan—1
> X Etan (\/—)+C

_ 2 n-1
_mt (
f\/7 6x— x

IJW

=f \/—[x2+6x—7]

4x3

) (Imark)



dx
=f —[(x+3)2—9-7]
_f dx
) lx+3)2-16]
_f dx
) [16-(x+3)2

=sin‘1xT+3+C (1mark)

(1 mark)

put logx = t then x = e',dx = e'dt % mark

1 1 4
f[logx B (logx)z] *

= f[l_i]etdt % mark

t  t2
x) = %then f’(x):—tl2 integral of the form [(f(x) + f'(x)) e*dx=e*f(x) + ¢

1 1
=-el +C= —e'09%4C

t logx
=lO’;x 1 mark
Or
put logx = t then x = e, dx = e'dt
logx _ t t
J Grtoger @ = I et
plHtm1 g el 1y
=/ a+02 € dt_f[1+t (1+t)2]e dt
- 1 elogx +C
1+logx
= X +
1+logx
X+2=0=>x=-2
f_55|x + 2|dx:f__52|x + 2| dx + f_52|x + 2| dx property 2 %2 mark
= [I—(x+2)dx+ [ (x +2)dx p 1 mark
1 ,.-2 -2, 1 5 5
—1=[x? 2 = [x? 2
{2 ] _g + [x]—5}+2[x 12+ 215,

— G4 —25] +2{-2 — —5]}+{;[25 — 4] + 2{5 — 2]}

22—1 -6 +22—1 +14 =29 1 mark
OR

x3—x=0=>x(x>-1)=0=>x=00rx=—-1orx=1
f_lzlx3 — x|dx
=f__21|x3 — x|dX+f_01|x3 - xIdX+f01|x3 — x|dx property 2
=f__21 —(x% —x )dx+f_01(x3 - x)dx+f01 —(x3 — x)dx property
2



=Gy - G x4 % - 101 O - ) - 21
——{—[1—161—1[1 4h+G0-1] =3[0~ 1]}~ [1- 0] - 3[1- 0]}
G

15 3_ i1 1.1

hdadad b’

COSX

1+ ’scz;:;; dx fO vcosx+vsinx dx (1)

Letl=f2

Apply Property P4, that x can be replaced bya-x that is g— X

608 G- e (55

=fg x=[2 =———— dx -(ii)
0 Jcos (g—x)+\/sin (E—x) 0 Vsinx++vcosx

Vcosx+vsinx

s
- T
(i)+(ii) => 2I= fo NN —ledx-x](z) >
==
T4
Or
Vx
Letl=), \/‘+\/ﬂ dx (1)

Apply propertyP3 x can be replaced by a+b-x thatis 8 - x

-5 V (8-x) (5 VB=x e
I_f3 J (8=x)+y/ (8—(8-x) dx-f3 VB—x+Vx dox ----(ii)

5Vx+V/8—x (5 _ 5__
(i)+(ii) => 2I= f s T dx—fgldx-x]3 =5-3

=1
1
4XE =2 marks

1 1-

let I = [ log(—)dx --—(1)
Apply P4 , x can be replaced by a-x that is by 1- x
1=} log(—=Ddx  dx=[ log(=)dx (il
(i)+(ii) => 2I=f0 (log; + log T) dx

1 X 1-x
=f0 log(rx X T)dx
=/ log(1)dx =0




Or

let] = foz xV2 — x dx-—-(1)
Apply P4, x can be replaced by a-x that is 2-x

=[(2 = x)2— (2 —x) dx

= J.Z(Z\/x——x\/;)dx

-ix%—g ]2 16v2
73 5 0 15

cosx

letl= [—0

0 ecosx _+_e—cosx

dx (1)

Apply P4, x can be replaced by a-x that is m-x
T e—CO X

Letl= fo dx:fo e—COSX } pCOSX

Apply P4, xcan be replaced by a-x that is m-x

ecos(n—x)

dx(1)

eCOoS(T—X) 4 g—cos(mT—Xx)

i ecosx +e—cosx

2= e dx = [ 1dx =X =T

0 ecosx _+_e—cosx

SR

or [* f% dx multiply numerator and Denominator byva — x

(
I= f :2 );2 =faa a2—x2 _f—a\/m f—a a2 x2 dx

by property 7, f a\/—dx =0 because\/— is odd

_ a
l=asin™'2] " =a[>— —7] =am
a —a 2 2
3 Marks Questions

Let 5x-2=A(6x+2)+B

6A=5=> A=2 and 2A+B=-2 ==>2><% +B=-2 => B='2'§ Z_T

f 5x —2 p
T+2x+32
(2+6x) -

3
- f(1+2x+3x2 1+2x+3x2)dx

4

4

=2 marks

1
XE =2 marks

1
XE =2 marks

Imark



5 21, —11 dx
—glogll +'2X'+'3x |+—;—

x2+§x+%
_5 21,-11 dx
—El0g|1+2x+3x|- s —— 1 mark
(x+§) +T+§
=2log|1 + 2x + 3x2 |+ [ — 25—
(x+3) +5
—log|1 + 2x + 3x2|+ = \/_ tan~! 3?1 +C 1 mark
Let 3x +5 = A(2x-8) + B
3x+5=2Ax-8A+B
2A=3»=>A=E and -8A+B=5 =>-8><% +B=5=>B=5+12=17 Imark
f 3x+5
Vx2— 8x+
(2x 8) 17
- f(\/xz —-8x+7  Vx2- 8x+7) x
=3Vx? — 8x + 7+17f—
/(x 4) +—16+7
=3Vx? — 8x + 7+17 [ —— 1 mark
J(X 4)*-
3v/x2 —8x+7+17log|x—4+\/x2—8x+7| +C 1 mark
1-x2 B ¢
x(1-2x) - x 1-2x
1 — x%=Ax(1 — 2x)+ B(1-2x)+cx
x =0=>B=1and xzé =>c=§ comparing coeff. of x> we get A=§ 1 mark
1—x? 1,1 %
fx(l—Zx) dx = I(E +-+ 1_Zx)dx 1 mark
=§x+log|x|—%log|1—2x|+c 1 mark
fﬂ multiply numerator and denominator by 7x®
7x7 (x7 +5)

put x” = t then 7x%dx = dkt,

f 7x8dx 1f dt
7X7(x7 + 5) t(t+5)
A

=24 2 =>1= A(t+5)+Bt t=0 A= and t=-5 then B=— 1 mark
t(t+5) t t 5

_ft(t+5) A _ft+5 1 mark
= —[IOgItI- Ioglt + 5|+C
[Iog|m +C

=£[Iog x7+5|+C 1 mark




=/ x| multiplying numerator and denominator by e*

eX(e*-1)
pute* =t then e*dx = dt,

e*dx 1 _
fex(ex—l) t(t-1) a _+ﬁ
B f dt
) t(t—-1)

1=A(t-1)+Bt ,t=0 A=-1and t=1 then B=1 1 mark
_odt
_f t(t—1)
N 1 mark
t t—1
= [-log|¢t|+log[t — 1]]+C
= [Iog|%|+C: Iog|ee—;l|+c 1 mark
. 2x—1
Evaluate: [ Yoy dx
Let = L=

(-1 (x-2)(x=3) _ (x-1) ' x—2 ' x-3

2-1=A(x —2)(x —3)+B(x —1D(x—3)+c(x — D(x—2)
Put x=1 ,A=%put x=2 get B=-3 ,put x=3 getc=§ 1mark

2x-1
f(x—l)(x 2)(x 3) dx

_r 1/2 -3 | 5/2
=f o T + ——dx 1 mark
=loglx — 1|-3 Ioglx — 2|+ log|x — 3]+C 1 mark
or
Let —— =" T4

(x-1)2(x-2) (x-1) (x-1)2  x-2
2x-1=A(x — D (x — 2) + B(x — 2) + c(x — 1)?
Put x=1 ,B=-1put x=2 get C=3 ,compare coeff.x? getA+C=0=>A=-C=>A=-3 1mark

f 2x—1
- 1)2<x n

=[— o 1) o 1)2 +—dx 1 mark

=—3log|x — 1|+ﬁ +3 log|x — 2|+C 1 mark
Put x? = t then 2xdx = dt

f 2X x
(x2+1)(x2+4)
1 1 _ A B

=/ (t+1)(t+4) t Let (t+1)(t+4)  (t+1) | t+4
11
=gy 1=A(t +4) + B(t + 1)

=§I0g|t +1| - § log|t + 4|+ C Put t=-1 ,A=§ & put t=-4 get B= _?1 1mark



3

1
or f (x2+1)(x2+4) dx
Putx? =1y

[ =l o

W+ (y+4)

1
f (y+1)1(y+4)
- 3 3
_f{(y+1) T y+4]dx
1 1

5 ]dx

- 3
B f{(x2+1) + x%+4

1 _ _1X

==tan"lx —tan"1=+C

3 2
2x+3

7. f(x—l)(x2+1) X

2x+3
f (x=1)(x2+1)

5 5,1

=f 2 27 2
x—-1  (x%2+41)

2Y x-1

= gloglx - 1|-§Iog|x2 + 1| — %tan‘1 x+C

x*—1+1
o | e
_ x*—1 1
_f (x—1)(x2+1) t (x—1)(x2+1) dx
_ @2+ (-1 (x+1) 1
_f (x=1)(x2+1) dx + f

= Zlog|x? + 1| — - log|x? + 4[+C

oo+ X

5 1 5 2x 1
_Zf

— x — — —
(x2+1) 27 (x2+1)

(=1 (x2+1)

1 mark

1 _ A B

L =
Do oD | yia

1=A(y +4)+B(y+1)
Put y=-1 ,Azéput y=-4 get B=_?1 1mark

1 mark

1 mark

2x + 3 A Bx + c

Let D+ -1t ezt D

2x+3=A(x2 + 1)+(Bx+C)(x-1)

X=1 then A=§ ,x=0 then 3=A-C=>C= —%

equating coeff.x>we get A+B=0 hence B=-§

1 mark

! 1 mark

1 mark

dx



=[(x+Ddx+ [

f(x+1)dx+f

1 1
2

=x*+x+ [ (x2+1)

=X +X+EIE X—Zf

(x— 1)(x2+1) d

1)(x2+1)

2d

1 1
X = Ef (x2+1) dx

1 _ i Bx+c
(x=1)(x2+1)  x-1 = (x2+1)
1=A(x? + 1)+(Bx+C)(x-1)

X=1 then A=% x=0 then 1=A-C=>C= %

Let

equating coeff.x?we grt A+B=0 hence B=—% 1 mark

1 mark

=x?+x+ %Ioglx - 1|—ilog|x2 + 1|—12tan‘1 x+C

8. I=[  ——dx ....(1)

1+sinx

_fn T—X

0 1+sin(m—x)
_ (T T—Xx

0 1+sinx

D+(2)=>
2| J-TL' xX+m— x

1+51nx

(2)

=Tt
0 1+sinx
T 1-sinx
0 (1+sinx)(1-sinx)
_ J-TL' 1-sinx

0 (1-sin2x)

T 1-sinx
- T[fon cos?x
=7 [ (sec®x — secxtanx)dx

s
Tt[tanx-secx] 0

=T (0- -1) (0-D)=2mn =>I=mn

(1)

|= fn xsinx
0 1+cos?x

T (m—x) sin(mr—x)
1= f 1+cos2(m—x) dx
_fn (m—x)sinx
“Jo 1+cos?x
(1)+(2)=>

2|= fn'xsmx+(n' —x)sinx dx

()

1+cos?x
T sinx

0 1+cos?x

Apply P4 that is replace x bym-x

V5 mark

% mark

1 mark

1 mark

Apply P4 that is replace x bym-x

Y mark

% mark



Put cosx=t then -sinxdx =dt
-1 —dt
= nf

1 > x=o0 then t=1 and x= 1 then t=-1 b7
1+t
mark
_1..—1
= -m[tan™ " t] 1 mark
= '“[‘E'E] =-T[[-§] =>]=1?/2 % mark

Answers:-- Chapter 8.  Applications of integration
3 mark questions

1
r
AL 1)
g
X
B4.-2)
Y
Required area =f_12(2 —y—y?)dy
=§ sq units
2

4
.

. 2 (x+2  x?
Required area=/", [=,~

Region is symmetric required area=2 times area in right half plane
Required area=2 fol[x — x?%]dx

1 .
= sq units



Region is symmetric about x axis hence required area =2 area in upper half plane
Required area = [ 2v9 — x2 dx
vz

3
=2[§v9 —x?+ gsin‘1 g]i
V2

9 .
=T = 9 sq units

Required area =f_06|x + 3|dx=f__63 —(x+ 3)dx+f_03(x + 3)dx

= 9 sq units

5 marks questions
Q1)

Solving X% + y2=16 and y=x we get x= +2v2
. n2 4
Required area= [*" xdx + [, - V16 — x?dx
1re212V2 X T6 — %2 4gein-1% 4
—Z[X ] 0 +[2 16 — x? +8sin 4]2\/5
=2T15q Units

Q2 ) Solving x? + y?=16 and y=% we getx= 123



Required area= fozﬁxdx + f:/;\/16 — x2dx

1212V X TE 27 4gein-1% 4
_2[x ] 0 +[2 16 — x? +8sin 4]2\/5

4n .
=?sq units

V X=2v3

Q3)
|
Required area= foz V4 — x2dx — fOZ(Z —x)dx -
= [§V4 — x2 +2sin™t ;ﬁ]i —[ZX—%]g
=(0-0)+2(5 — 0)-[4-2]+(0-0)
=(m-2)sq units
Q4)

Required area= foz 3V4 — x2dx — foz(6 —3x)dx -

2
= 3[%\/4 — x2 +2sin”?! g]i —[6x—37x](2)

=3{(o-0)+2(g — 0)}-[12-6]+(0-0)



=(3m-6)sq units
Q5) eliminating x from y2=x and y=x we get y=0 Or y=1
. 1 2
Required area = y? dy+f, y dy
1311 2.2
=Yy 2Y)
1

3 11 .
==+ —=—sq units
3 + 2 6 q

eliminating y from x?=y and y=x we get x=0 Or x=1

. 1o, 2
Required area =/ " x 1dx+f1 x2dx
_1 3,11 2
=X ]0 +2x ]1
1,3 11 .
= + 5= s units
For question numbers 1 to 5 each step carries 1 mark each

Chapter 9
Differential equations

Answers to MCQ

1. (b) order 3 degree 1
(b) order 2 degree 2
(c)orderl degree 3
(d) degree not defined
(d) order= number of arbitrary constants in general solution
(a)o
(c),y=cx
Answers to 2 marks questions
1. 3e*tanydx=- (1- e*)sec?ydy

f 3e*dx =f sectydy

eX—1 tany

=> e¥*dx = dp and sec?ydy = dq 1 mark

NowuhkwnN

pute* —1 =pandtany =q




3dp _rdq

fp fq

=>3log|p|=log|q|+C

=>3log|le* — 1|=log|tany|+C 1 mark

xdy- ydx =,/x? + y? dx divide by xdx
dy vy _JxZ+y?

ax x x

v x% -v=\1 + v2
=>% =% integrating both sides % mark
=> log|v + V1 + v2|=log|x|+C

y+‘/x2+y2|
x

- dy _ w
put y=vx then =V +x = 1 mark

=>log =log|x|+C % mark

_Y_ y - dy _ w
= tan(x) put y=vx then ol v+xdx 1 mark

dv
v + x — =v-tanv
dx
dx

=>—[cotvdv = [—
=>-Iog|sin(§)|= log|x|+C 1 mark

4x
x2+1

-1
and Q:—(x2+1)2

4.
| F =el i =e210860™ 4 D= (x2 4 1)? 1 mark
; 2 2— -1 2 2
Solution y((x? + 1)2=f o (x? 4+ 1)2dx
=>y(x? + 1)2=x+C 1 mark
3 marks questions

Lineariny, % +py= Q where

. . . . . tan~ly - d

Linear differential equation in x (a"—yzx) ==
(1+y?) dy

__ (tan™ly x_dx

T +y?) a+yd)  dy

dx X _ (tan"ly

dy  (1+y?)  (1+y?)

1 mark

1
I.F.:ef(1+y2> —etan™y Y% mark

Lo -1 -1, (tan™?
Solution is xetan 'y = [etan~ty (et ¥

1
) /2 mark

1

-1, —
Puttan™ y =t then e

dy =dt

:f e.tan‘ly (tan”ly
(1+y?)
=[ tedt=tet — et +C
solution is xetan™ ¥ = tanly etan™'y _ptan”ty 4 ~
-1
=>x=tan~} y—1+c e~tan"ly 1 mark



dx du
= — =y +v— 1
Puy x uythendy u ycly % mark
x
dx _ 2xeY-y

Yy 2ett
du  2ue“—1-2u2e*
=> _—— —
Yy o 1 mark

f2e“du=—fc;—y=>29u = —logly| +C
=>2ey = —log|y| +C 1mark

2ev + logly| =2 % mark

d .
x —y+y:xcosx+smx

xcosx+sinx
Linear in Y ax +Z — % mark
dx
I.LF=el%x =el°9x=x 1 mark
xcosx + sinx
solution : y X x = j—x xdx
X

xy = [ xcosxdx + [ sinxdx=>

dx
Xy =x f cosxdx — f [a f cosxdx|dx + f sinxdx

xy=xsinx-[ sinxdx + [ sinxdx=

XY=XSinx+c 1 mark
y=sinx when x= g and y=1 then c=0 % mark
dy _ —(3xy+y%) _ dy _ dv ,
ax . (+xy) put y=vx then o vtx % mark
dv _—(3v+v?)
vtxo dx (1+v)

dv  —(3v+v?)
YoxT T d+v)

dv —-3v—-v?—v—7v?
Yax T (1+v)
dv —4v — 2v?

Yix T T (+v
dv —-2Q2v+v?)
Yox T T (1+v)

(1+v)dv _ —2dx

i = x 1 mark
f (1+v)dv fdx
2v+v2 x

put 2v + v? = t then(2 + 2v)dv=dt=>2(1+v)dv=dt

z __zf

=>Elog|t|=—2Iog|x|+c



=>log|t|=-4log|x|+2c
=>|2v + v?|+4log|x|=2c

2
=> Iog|[2%+ G) ]x*|=2c 1 mark
=>2x3y+x2y2=etle
=>2x3y+x?y2=K given x=1 and y=1 then k=3
=>2x3y+x%y?=3 % mark

1. VECTOR ALGEBRA
MCQ

Find the vector components of the vector with initial point (2,1) and terminal
point (-5,7)

a) 21, f b) -71,6] c) 51, 7 d 37,67}

Find the vector in the direction of 51 -j+2 k which has magnitude 8 units

c) glsi-j+2K) d) 85i-j+2k)

5i-j+2k b) 5i-]+2k
V30

3 g /30



10

11

The value of 1. (j x k) + J.(Tx k)+ k. (IxJ]) is

b)0  b)-1 ¢) 1 d) 3

If d=21+2f+3k, b=-1+2j+k,&=31+ j aresuchthatd +A b is
perpendicular to ¢ ,then find the value of A.

a) 0 b) -8 c) 1 d) 8
Find the projection of the vector d=21+3j+2k on the vector b=1+ 27 +k

a) 0 b) 10 c) V6 d) —
2 MARKS

If A(1,2,3), B(-1,0,0) and C(0,1,2) are the vertices of a triangle ABC, Find angle
ABC

fd=i+j-k, b=-1+2j+2k and €= -1+2]-k are three vectors then
find a unit vector normal to the vectors (@ + b)and (b — ¢’ )

Fid the area of the parallelogram having vertices A,B,C and D with position
vectors i+ j+k ,i+2j+3k , 2i+3j+k and 2i+2j—k respectively

-
-

are unit vectors such that @ + b + & = 0,then find the value of @.b +

If |d| = 2, |I;| =7 and @xb= 31+ 2j + 6k , find the angle between

3 MARKS

let d=1+4j+2k, b=31-2j+7k and é=2%- j+4k .Find avectord
which is perpendicular to both @ and b and é.d = 15



12

The scalar product of the vector i+ j+ k with a unit vector along the sum of
vectors 21+ 4 j -5k and Ai+ 2 j +3 k is equal to one. Find the value of A.

13
Let @, b andc be three vectors such that |d| = 3, |b| = 4, |¢] =5 and each
one of them being perpendicular to the sum of the other two find | @ + b+¢ |
14
If with reference to the right handed system of mutually perpendicular unit
vectors ¢, j,k, @ =3i-j andf =21 +j-3k thenexpress § in the form
B = B, + B, where B,isparallel to &@and B, is perpendicular to @
15

-

If @, band ¢ be three vectorssuchthat ¢+b+¢ =0 and|d| =3, b| =5,
¢l =7 find the angle between d and b

11 THREE DIMESIONAL GEOMETRY
MCQ

x—=1 y+3 z+2 . . . . .
SALNS = find the direction cosines of aline

1

The equation of a line is

parallel to the given line.

(a)-2/7,3/7,6/7 (b) 2/7,3/7,6/7 (c) -2,3,6 (d) 2,-3,-6

. . . . 3—x +4 2Z—6 . .
2 |f the cartesian equation of a line is o = AR T write its vector equation.

7

(@)7 = (1—4j+6k) + p(51+ 77+ 2k)
(b)7 = (3t —4j +3k) + p (=51 + 77+ 2k)
()7 = (3t+4j+3k)+ p(=5i+ 7j+2k)



10

11

(d)7 = (31— 4 +3k) + u (51 + 7j + 2k)
If a line makes angles 90 ° and 60° with the positive direction of x and y axes

,find the angle which it makes with positive direction of z -axis.

(@) /3 (b) m/4 (c) /6 (d) O

Write direction cosines of a line parallel to z-axis.

(@) 1,00 (b) 0,01 (c) 1,10 (d) -1,-1,-1

Find the foot of the perpendicular drawn from the point (2,-3,4) on the y-axis.

(a)(2,0,4) (b)(0.3.0) (c)(0,-3,0) (d) (-2,0,-4)

2 MARKS

Find the value of k so that the linesx=-y=kz andx—-2=2y+1=-z+1are
perpendicular to each other.

Find the vector and Cartesian equation of the line passing through points
(31 _21 _5) and )(51 _41 6)

The x —coordinate of a point on the line joining the points P (2,2,1) and
Q(5,1,-2)is 4. Find its z- co ordinate

The points A(1,2,3), B(-1,-2,-3)and C(2,3,2) are the vertices of a parallelogram
,then find the equation of CD.

Show that the line through the points A(4,7,8) and B(2,3,4) is parallel to the line
through the points C(-1,-2,1) and D (1,2,5)

3 MARKS

-x 7y-14 52z-10 7-7x -5
=2 = and 4

22 11 31 1

Find the value of ,A so that the lines L

TZ are perpendicular to each other



12

13

14

15

16

17

18

19

20

Find the shortest distance between the lines whose vector equations are
r=0-t)+{t-2)]+B-20)K
7= (+1Di+2s—1j—2s+ 1k

Find the equation of line passing through (1,2,3) and midpoint of the line
joining (2,-1,3) and (1,2,5)

Prove that the line through A(0,-1,-1) and B(4,5,1) intersects the line through
C(3,9,4) and D(-4,4,4)
y—4 z+8

Find the distance of the point (-2, 4, — 5) from the line x;3 =0 ==

5 MARKS

Find the co-ordinates of the foot of the perpendicular drawn from the point A
(1,8,4) to the line joining B (0, -1,3) and C (2,-3,-1).
Also find the length of the perpendicular ,equation of the perpendicular line
and image of the point with respect to the line BC.

y—2 z—-3 x—4 y—1

. -1 .
Show that the lines— = = and — ==— =z intersect. Also,
2 3 4 5 2

find the point of intersection

Find the equation of the line passing through the point P ( -1,3,-2 ) and
perpendicular to the lines T=2=2Z 3nd k2 _yl_zH
1 2 3 -3 2 5

Find the equation of the line passing through the point P (2, -1,3 ) and
perpendicular to the lines 7= (1 + ] — E) +A(21-25+ IE) and 7 =
(28— —3k) + u (1 + 2§ + 2k)

An insect is crawling along the line 7 = (6i + 2j + ZE) + A (i — 2]+ ZE) and
another insect is crawling along the line ¥ = (—42 — E) +u (3i - 2] — ZE) .
At what points on the lines should they reach so that the distance between
them is the shortest. Find the shortest possible distance between them.

MINIMUM LEVEL LEARNING




VECTOR ALGEBRA

MCO

2 Marks

cosé?:—E . BA
el [e4

2i+2j+3k) . (i+j+2k) 10
- ‘(2i+2]+3f<] ‘(i+]+2f<] _\/ﬁ

6 = cosl(ﬂJ
/102

+b=3j+k
—¢=3k

(@+b)x(h—¢) =91
|(@+b)x(b—2¢)|=9

Sl Qu
¢ S
Il

_(@a+b)x(b-¢) _

Re quired wunit normal vector is (@+8) < (5-2) =1

AB=]j+2k and AC=i+2]

— — tJ k =~
ABXAC =10 1 2|=-41+2j—-k
N 1 2 0
Area of parallelogram = |AB X AC| =+/21




(@5 +bc+ca)="2
2
10| @ x b= 31+ 2j+6k |ax b| =7
. 1
|&><b &|b|sm9=>7—2><7sm9:>sm0—§
:>9—7T
6
3 Marks
11
i j k .
d=AMdxb)=2|1 4 = A(321 —j — 14k)
3 -2 7
cd=15o1=2
J=§(32i—j—1412)
12 |G=0+ j+k  b=21+4j-5k and é&=M+2j+3k
b+c=2+ )|+61—2k:>\b+c\ J2+1)? +36+4
Unit vector along sum = ki+c = (2+/1)I +6J_2k
b+c| (@2+2)+36+4
Given a . ?JFC =1=(i+ j+k) . (2+A)+6)-2k |_,
o+ J@2+2)?+36+4
Solving A=1
13 | Given alp+c)=0, b(a+c)=0 cla+b)=0
‘é+b+6‘ :(é+b+6)(*5 ): +é(*+6+55+5.(é+6)+66+6(a+5)
2 22 a2
=al +‘b‘ +|c|" =9+16+25=50
a+b+¢/ =512
14 | B/is parallel to @ :,51:&&351:1(3?—})




Let B=pB,+B,= B, =8-S, =2-3)i +@+1)] -3k

B, is perpendicularto @ = f3,.6 =0

.-.3(2—31)-(1+/1):o:>/1:%

=~ 3. 1x
=—] ——
Pi=51-31
- 1:\ 3'\ ~
And ==1+—-]-3k
P 25
151 1d| =3, b=5]|¢=7
Gd+b+C=0=a+b=-¢C
- ¢ N - N N _ I -2 5 R 15
(@+b).(@a+b) =-¢—¢=lal*>+2(a.b) + |b| =|c|2:>ab=7
) b 1
cos O = - ==
ldllp| 2
9T
~0 =3
THREE DIMENSIONAL GEOMETRY
MCQ
1 |(a)-2/7,3/7,6/7
2 | (b) T=3Bi—4]+3k)+ u(=5i+ 7j+2k)
3 |(c) m/6
4 |(b) 00,1
5 [(c) (0,-30)
2 Marks
6 X_y _z and x—2=y+1=z—1
The linesare:1 -1 1/k 1 1/2 -1
Since these lines are perpendicular 1x1 + —1x% + %x —-1=0
k=2
7 X-3 y+2 z+5

i) Cartesian equation : =
2 -2 11




ii) Vector Equation :F = a+ A(b — a)
F=@@ —2]—5K)+ A2 —2] +11k)

8
X-2 y-2 z-1
The equation of lineis 3 -1 -3
Any point on this line is ( 3k+2, -k+2, -3k+1)
3k+2=4 = k=2/3
zcoordinate=-3x2/3+1 =-2+1 =-1
9 |LetD(a,b,c) , A(1,2,3) , B(-1,-2,-3) , C(2,3,2)
Midpoint of AC = Midpoint of BD
(3/2,5/2,5/2) =(-1+a /2,-2+b /2,-3+c /2)
a=4, b=7,c=8 D(4,7,8)
Equation of CD is %JT_:‘; = %
10 | Equation of the line through the points A(4,7,8) and B(2,3,4) is
Xx-4 y-7 z-8
-2 -4 -4
Equation of the line through the points C(-1,-2,1) and D (1,2,5) is
x+1 y+2 z-1
2 4 4
Direction ratios of lines AB and CD are proportional.
So the two lines are parallel .
3 Marks
11 | 1zx _ 7y-14 _ 52710 = X1 _y-2_z=2
3 22 11 -3 2A/7  11/5 O]
777X _ Y5 _ 672 = X1_yz5_z6 i
3. 1 5 _2_1_—5_)(”)
(i) and (ii) are perpendicular  -3(— %) +? (H+ %(-5) =0 = 1=7
12 ro=0A-O)T"+({t-2)J+B-20)K

7= (s+1i+@2s—1)j—2s+ Dk
o F=(—2j+3Kk)+tl-f+ -2
The two given lines are o R .
F=(i—j—K)+sl+2j-2)

C_iz_al :j_4k

- - i j ié o~

by Xb,=[-1 1 —=2|=21—4j-3k
1 2 =2




|l—))1 X le = m
((_iz - C_il) (Bl X Bz) = 8
(d, — dy). (bl X bz)

|51 X 52|

8

d =
V29

13

Midpoint of (2,-1,5) and (1,2,3) is (§§ 4)

Dr of line joining midpoint and (1,2,3) is 1/2,_?3 ,1

Equation of the lineis 7 =i + 2j + 3k + )\(gi - gj + k)
Cartesian equation is

x-1 y-2 z-3
/2 -3/2 1

14

Equation of the line through A(0,-1,-1) and B(4,5,1) is 2 _ Y;l z+1

Xx-3 y-9 z-4
-7 -5 0

Equation of the line through C(3,9,4) and D(-4,4,4) is
Xo =X Yo=Y 2,74 3 10 5

a b, ¢, |=|4 6 2=0

a, b, c, -7 -5 0
Hence the two lines AB and CD intersect each other.

15

P (=2, 4,-5) is the given point.
Any point Q on the line is given by ( 3A-3, 5A +4, 6A-8)
PQ = (3L —1)I+ 50 + (61 — 3)k
PQ and the given line are perpendicular
2@ (BA—1)3+5L5+(6L—3)6=0 = L=

10

S NS D

=710 10
z

Magnitude of PQ = 0

5 Marks

16

Let D be the foot of the perpendicular
Equation of line BCis 7= -j+3k + A ( 2i-2j -4k )
Therefore any point Don theline is (24,-1-24,3-4 1)
Since AD is perpendicular to BC,

(2A-1)x2 +(-1-2 1-8)x(-2) + (3-4 A -4)x(-4)=0




Solving we get A= -5/6
So the required point Dis (-5/3,2/3, 19/3)

Let E(a,b,c) be the image of A, then D is the midpoint of AE

Using the midpoint formula find image E(—13—3, —?,%)

and distance AD can be obtained by using distance formula

17

’%1:%:?:1 = x=21+1,y=31+22z=41+3
’%4 y1 = x=5k+4 ,y =2k+1, z=k
Lines intersect means2A+1=5k+4and31+2 =2k + 1
A=—-land k = -1

44 + 3 = k this equationis truefor A = —-1and k = —1

The lines are intersecting and the point of intersection is (-1,-1,-1)

18 | Equation of the line passing through P(-1,3,-2) is x7+1 = yT_3 = #
Since it is perpendicular to the two given lines
a+2b+3c =0 and -3a+2b+5c =0
Solving a=2,b=-7 ,c=4
Equation of required line is
Xx+1 y-3 z+2
2 -7 4
19
Equation of line passing through (2,-1,3) is X=2 = y;l _! =S @
a c
Given: line (1) is perpendicular to the two given lines
2a-2b+c =0 ........... (2) and a+2b+2c=0............ (3)

Solving eq. (2) and (3) a=2, b=1,c=-2

Required equation of line is 7 = (Zi —j+ 312) +u (Zi +7 - 212)

20

Givenlinesare 7= (6f+ 2j+2k)+\(1— 2]+ 2k)
and 7= (—4i—k)+u(31—2j—2k)
Cartesian equation of the two given lines are

Xlﬁzy‘;zzgzzz ................. () = P = (A+6,-24+2,24+2)




X+4 z+1
T:_—yzz_—z ...................... (2) = Q= Bu—4-2u-2u—1)

Direction ratios of PQ are
3u-A-10-2u+21-2,-2u—22-3
Direction ratios of line (1) are 1,-2,2
Direction ratios of line (2) are 3,-2,-2
Distance between the two given lines will be shortest if PQ is perpendicular to line
(1) as well as to line (2)

2B —-A-10)—2(—2u+24-2)+ 2(-2u—24-3) =0=3u—94-12=0........(3)
3Bu—A1-10)-2(-2u+24-2) - 2(-2u~24-3) =0=17u~31-20=0.........(4)
Solving (3) and (4)
A=-1and pu=1
The points on the lines they should reach so that the distance between them is
the shortest is P(5,4,0) and Q(-1,-2,-3)
Shortest distance =PQ =9




LINEAR PROGRAMING

MCQ QUESTIONS

1 Feasible region is the set of points which satisfy
(a) The objective functions
(b) Some the given constraints
(c) All of the given constraints
(d) None of these
2 The solution set of the inequality 4x + 5y > 6 is

(a) an open half-plane not containing the origin.
(b) an open half-plane containing the origin.

(c) the whole XY -plane not containing the line inequality 4x + 5y = 6.
(d) a closed half plane containing the origin.

3 Maximize Z =10 X1 + 25 X, subject to 0 <x1<3,0<x:<3,x1 + X2 <5
(@) 80at (3, 2)
(b) 75 at (0, 3)
(c)30at(3,0)
(d)95at (2, 3)

4 Based on the given shaded region as the feasible region in the graph, at which point(s) is the
objective function Z = 3x + 9y maximum?

a) Point B b) Point C c) Point D  d) every point on the line segment CD
5  The feasible, region for an LPP is shown shaded in the figure. Let Z = 3x — 4y be the

objective function. A minimum of Z occurs at



(0,0}
(a) (0,0) (b) (0, 8) (©) (5. 0) (d) (4, 10)
CASE BASED QUESTIONS

1  Atrain can carry a maximum of 300 passengers. A profit of Rs. 800 is made on each
executive class and Rs. 200 is made on each economy class. The IRCTC reserves at
least 40 tickets for executive class. However, atleast 3 times as many passengers
prefer to travel by economy class, than by executive class. It is given that the number
of executive class ticket is x and that of economy class ticket is y. Based on the above
information, answer the following questions.

(i) The objective function of the LPP is:

(a) Maximise Z = 800x + 200y (b) Maximise Z = 200x + 800y
(c) Minimise Z = 800x + 200y (d) Minimise Z = 200x + 800y
(if) Which among these is a constraint for this LPP?

(@) x+ty =300 (b) y= 3x (c) x< 40 (d) y <3x

(iif) Which among these is not a corner point for this LPP?
(a) (40,2120)  (b) (40, 260)  (c) (30, 90) (d) (75, 225)

(iv) The maximum profit is:

(a) Rs.56000 (b) Rs. 8400  (c)Rs.205000  (d) Rs. 105000)



(v) Which corner point the objective function has minimum value?

(2) (40,120) (b) (40, 260 ) (€) (30,90)  (d) (75, 225)

2. An aeroplane can carry a maximum of 200 passengers. A profit of Rs.1000 is made on each
executive class ticket and a profit of Rs.600 is made on each economy class ticket. The airline
reserves at least 20 seats for executive class. However, at least 4 times as many passengers
prefer to travel by economy class than by the executive class. It is given that the number of

executive class tickets is x and that of y economy class tickets is y

s
. b
X

|

. ‘.}\1
f - "‘M%

1 Find the maximum value of x+y
(@ 250 (b) 200 (c) 300 (d) 100
2 Calculate maximum profit
(@) 136000 (b) 163000 (c) 156000 (d) 165000

3 At which point profit is maximum
(a) (20,180) (b) (20,80) (c) (40,160) (d) (20,40)

3. A manufacturing company makes two models X and Y of a product. Each piece of
model X requires 9 labour hours for fabricating and 1 labour hour for finishing.
Each piece of model Y requires 12 labour hours of fabricating and 3 labour hours

for finishing, the maximum labour hours available for fabricating and finishing are



180 and 30 respectively. The company makes a profit of Rs. 8000 on each piece of
model X and Rs. 12000 on each piece of model Y. Assume X is the number of

pieces of model X and y is the number of pieces of model Y.
- i a

1 Which among these is not a constraint for this LPP?

(@) 9x+12y>180 (b) 3x+4y<60  (c) x+3y<30 (d) None of these
2 The shape formed by the common feasible region is:

(@) Triangle  (b) Quadrilateral (c) Pentagon (d) hexagon

3 Which among these is a corner point for this LPP?

(a) (0,20) (b) (6,12) (c) (12,6) (d) (10,0)

4 Maximum of Z occurs at

(a) (0,20) (b) (0,10) (c) (20,10) (d) (12,6)
5 The sum of maximum value of Z is:
(a) 168000  (b) 160000 (c) 120000 (d) 180000
4 Suppose a dealer in rural area wishes to purchase  a number of sewing machines. He has

only Rs. 5760 to invest and has space for atmost 20 items for storage. An electronic sewing
machine costs him Rs. 360 and a manually operated sewing machine Rs.240. He can sell an
electronic sewing machine at a profit of Rs. 22 and a manually operated sewing

machine at a profit of Rs.18. Based on the above information, answer the following
guestions.

(i) Letx andy denote the number of electronic sewing machines and manually
operated sewing machines purchased by the dealer. If it is assumed that the
dealer purchased atleast one of the given machines then:

(a) x+y=>0 (b) x+ty<0 (¢) x+y>0 (d) x+y<0

(if) Let the constraints in the given problem is represented by the following



inequalities:

x+ty<20; 360x+240y<5760 and x, y=0. Then which of the following point lie in its
feasible region.

(@) (0,24) (b) (8,12) (c) (20,2) (d) None of these

(iii) If the objective function of the given problem is maximize Z = 22x+18y, then its

optimal value occur at:
(a) (0,0) (b) (16,0) (c) (812) (d) (0,2)

(iv) Suppose the following shaded region APDO, represent the feasible region

corresponding to mathematical formulation of the given problem.
Then which of the following represent the coordinates of one of its corner points.
(a) (0,24) (b) (128)  (c) (8.12) (d) (6,14)

(v)  Ifan LPP admits optimal solution at two consecutive vertices of a feasible region, then

(a) The required optimal solutionis at a mid pointof the line joining two points.

(b) The optimal solution occurs at every point on the line joining these two points.
(c) The LPP under consideration is not solvable.

(d) The LPP under consideration must be reconstructed.

5 Corner points of the feasible region for an LPP are (0, 3), (5, 0), (6, 8), (0, 8).
Let Z = 4x - 6y be the objective function.

Based on the above information, answer the following questions.
(i) The minimum value of Z occurs at

(a) (6,8) (b) (5,0) (c) (0,3) (d) (0,8)

(if) Maximum value of Z occurs at

(@ (5.0) (b) (0,8) (©) (0.3) (d) (6.8)

(iii) Maximum of Z - Minimumof Z =

(a) 58 (b) 88 (c) 78 (d) 68
(iv) The corner points of the feasible region determined by the system of linear inequalities
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(a) (010)! (_310)1(312)1 (213) (b) (3’0)1(3!2)!(213)1(01_3)
(c) (0,0),(3,0),(3,2),(2,3),(0,3) (d) None of these

(v) The feasible solution of LPP belongs to
(a),first and second quadrant  (b) first and third quadrant

(c)only second quadrant (d) only first quadrant

PROBABILITY
MCQ
1 IfP(A)=0.8,P (B)=0.5 and P (B|A) = 0.4, what is the value of P (A N B)?
A.0.32 B.0.25 C.01 D.0.5
2 IfP(A)=0.4, P(B)=0.7and P(B/A) = 0.6. Find P(A U B).
A.0.46 B. 0.86 C.0.76 D.0.54
3 The probability of solving the specific problems independently by A and B are 1/2 and 1/3
respectively. If both try to solve the problem independently, find the probability that exactly
one of them solves the problem.

Al B. % C. % D. Y



4 The probability of obtaining an even prime number on each die,
when a pair of dice is rolled is

@ao (b) 1/3 (c) 1/12 (d) 1/36
51fP(A) =4/5 P((ANB) =7/10 find P(B/A)

@ )78 (b)1/8 (c)1/10 (d) 17/30

VERY SHOERT ANSWER (2 MARKS EACH)

1 Anunbiased coin is tossed 4 times.Find the probability of getting atleast one head

2 Two independent events A and B are given such that P(A) = 0.3, P(B) = 0.6,

find P(A and not B)

3 The probability that atleast one of the two events A and B occurs is 0.6. If A and B occur

simultaneously with probability 0.3, evaluate P(4) + P(B)

4 The probability distribution of Xis

X 0 1 2 3

P(X) 0.2 k K 2k

Evaluate the value of k

5  Anurn contains 10 black and 5 white balls. Two balls are drawn from the urn one
after the other without replacement. What is the probability that both drawn balls

are black?

SHORT ANSWER TYPE QUESTIONS (3 MARKS EACH)
1 Evaluate P(A U B), if 2P (A) = P(B) = 5/13 and P(A/ B) = 2/5.

2 Acouple has 2 children. Find the probability that both are boys, if it is known that
one of them is a boy.

5 Find the probability distribution of getting number of heads while tossing
three coins together



6 Arandom variable X has following distribution

X 0 1 2 3 4 5 6 7
PX) |0 K 2k 2k 3k K2 2K? TK2+k
Determine () k (i) P(X<3) _ (iii) P(X>6)

7 There are 4 cards numbered 1 to 4,one number on one card.Two cards are drawn at random
without replacement.Let X denote the sum of the numbers on the two drawn cards. Find the
mean of X

CASE BASED QUESTIONS
1 Inaplay zone, Aastha is playing crane game. It has 12 blue balls, 8 red balls, 10
yellow balls and 5 green balls. If Aastha draws two balls one after the other without
replacement, then answer the following questions.

(i What is the probability that the first ball is blue and the second ball is green?

@)5119  (b)12/119  (c)6/119  (d) 7/119

(ii) What is the probability that the first ball is yellow and the second ball is red?

(@) 6/119 (b) 8/119 (c) 24/119 (d) none of these

(iii) What is the probability that both the balls are red?

(a) 4/85 (b)204/595 (c)12/119  (d) 64/119

(iv) What is the probability that the first ball is green and the second ball is not yellow?

(a) 10/119 (b) 6/85 (c) 12/119 (d) none of these

(v) What is the probability that both the balls are not blue?

(@) 6/595  (b)12/85 (c) 15/595  (d) 253/595
2 Adoctor is to visit a patient. From the past experience, it is known that the
probabilities that he will come by cab, metro, bike or by other means of transport are
respectively 0.3, 0.2, 0.1 and 0.4. The probabilities that he will be late are 0.25, 0.3, 0.35 and 0.1 if
he comes by cab, metro, bike and other means of transport respectively.

Based on the above information, answer the following questions.
(i) When the doctor arrives late, what is the probability that he comes by metro?



@ 54 (027 (521  (d)1/6

(i) When the doctor arrives late, what is the probability that he comes by cab?
@4/21 ()17 (c)5/14 (d)2/21

(iii) When the doctor arrives late, what is the probability that he comes by bike?

(@ 5/21 (b)4/7  (c)5/6 (d) 1/6
(iv) When the doctor arrives late, what is the probability that he comes by other means of transport?
(a) 6/7 (b) 5/14  (c) 4/21 (d) 217
(v) What is the probability that the doctor is late by any means?
(a) 4/21 (b) 0 (c) % (d) ¥a

3 Onaholiday, a father gave a puzzle from a newspaper to his son Ravi and his daughter Priya. The
probability of solving this specific puzzle independently by Ravi and Priya

are 1/4 and 1/5 respectively.

E

fba
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Based on the above information, answer the following questions.
(i) The chance that both Ravi and Priya solved the puzzle, is

(@ 10%  (b)5% (c)25% (d) 20%
(ii) Probability that puzzle is solved by Ravi but not by Priya, is
@%¥¥ (L5 (c)3/5 (d)1/3
(iii)  Find the probability that puzzle is solved.
(@) % (b) 1/5 (c)2/5 (d)5/6
(iv) Probability that exactly one of them solved the puzzle, is

@130 (b)1/20 (c)7/20  (d) 3/20



(v) Probability that none of them solved the puzzle, is
@15 (®35 (c)2/5 (d) None of these

4 One day, a sangeet mahotsav is to be organised in an open area of Rajasthan. In  recent years, it has
rained only 6 days each year. Also, it is given that when it actually rains, the weatherman correctly
forecasts rain 80% of the time. When it doesn't rain, he incorrectly forecasts rain 20% of the time.

.“;ii'}.-?):w
bt 12.! & ‘.‘
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If leap year is considered, then answer the following questions

0] The probability that it rains on chosen day is

@) 1/366 (b)) 173 () 1/60  (d)1/61

(ii) The probability that it does not rain on chosen day is

(a) 1/366 (b)5/366  (c) 360/366 (d)None of these

(iii) probability that the weatherman predicts correctly is

@5/6  (b) 7/8 (c) 4/5 (d)1/5

(iv) The probability that it will rain on the chosen day, if weatherman predict rain for

that day, is

(a) 0.0625 (b)0.84  (c)0.74 (d) 0.64

5 To teach the application of probability a maths teacher arranged a  surprise game for of his
students namely Archit, Aadya, Mivaan, Deepak and Vrinda. He took a bow! containing tickets
numbered 1 to 50 and told the students go one by one and draw two tickets simultaneously from
the bowl and replace it after noting the numbers. Based on the above information, answer the
following questions



(i) Teacher ask Vrinda, what is the probability that both tickets drawn by Archit shows even number?

@150 (b)12/49 (c) 13/49  (d) 15/49

(ii) Teacher ask Mivaan, what is the probability that both tickets drawn by Aadya shows odd number?

@ 150 (b)2/49  (c)12/49  (d)5/49

(iii) Teacher ask Deepak, what is the probability that tickets drawn by Mivaan, shows a multiple of 4 on
one ticket and a multiple 5 on other ticket?

(a)14/245  (0)16/245  (c) 24/245 (d)36/245

(iv) Teacher ask Archit, what is the probability that tickets are drawn by Deepak, shows a prime number
on one ticket and a multiple of 4 on other ticket?

(@)3/245  (b) 17/245  (c) 18/245  (d) 36/245

(v) Teacher ask Aadya, what is the probability that tickets drawn by Vrinda, shows an even number on
first ticket and an odd' number on second ticket?

(@) 15/98  (b)25/98 (c) 35/98 (d) None of these

ANSWERS

LINEAR PROGRAMING



1.C 2.A 3.D 4.D

CASE BASED QUESTIONS

5.B

1() a ()b (i) (c)(30,90) (iv) (d)1050000 (V) (2)(40,120)

2.3)b ()a  (ii)c

3NA 2) B 3)C 4) D 5) A
4 1)C 2) B 3)C 4)C 5) B
5 (i) d (i) a (iii) d (iv) ¢ (v) d
PROBABILITY

MCQ (1 marks each)
1A 2.B 3.B 4 .D

VERY SHORT ANSWER (2 MARKS EACH )

1 P(getting atleast one head) = 1— P(no head)

= 1—P(all tails)

=1-¢ 11

1 15
=1- —= =
16 16

N | =
N | =
N | =
N | =

2 P(Aand notB) =P(AnB‘)=P(A)-P(ANB)
=0.3—0.18 (P(AnB)=P(A)XP(B))
=0.12
3  Given P(AUB)=0.6, (P(AnB)=0.3
P(A U B) = P(A) + P(B) — (P(A n B)
P(A) + P(B) = 0.9
(L— P(A)+(@1— P(B))=0.9

P(A)+P(B)=2-09=1.1

5.A



4 YP(X)=1

02+4k=1
k=0.2

5 probability ( both drawn balls are black)= 10/15 x 9/14=3/7

SHORT ANSWER TYPE QUESTIONS (3 MARKS EACH)

We have, 2P(4) = P(B} = %

5 5 2
= P(A)=—and P(B)=—and P(4/B) ==
(4) 3% (B 5 (A/B) s

:-P[f]:i"”.“,@
B P(B)
2_P(ANB
5 s/13
2.5 2
= }’{Ar'ml-;ﬁ——5>cl—3—B
2 PAUB) = P(4)+ P(B-PIANE)
_3,0 2
2% 13 13
5410-4 11
26 26

2 let G and g represent older and younger girl child. The sample space of the given

guestion is S = {BB, BG, GB, GG}
~n(S)=4
Let A be the event that both children are boys.
Then, A={BB} then P(A) =%

Given B = {BB, BG,GB}  P(B) = 3/4
An B= {BB} P(ANB) = ¥,

P(A/B) = 1/3
3 S={ HHH,HTH,HHT, THH,HTT,THT,TTH,TTT}

X denotes number of heads, then X takes values 0,1,2,3
P(x=0) =1/8 P(X=1)=3/8 P(X=2)=3/8 P(X=3)=1/8

X 0 1 2 3

P(X) 1/8 3/8 3/8 1/8

4 YTP(X)=1

10 k? + 9k-1 =0



K=-1 k=1/10
(i) Since k can not be negative k=1/10
(i) P(X<3) =3/10  (iii) P(X>6) = 17/100
5 5$={(1,2),(1,3),(1,4),(2,1),(2,3),(2,4),(4,1),(4,2),(4,3),(3,1),(3,2),(3,4)}

X denotes sum of numbers, X takes values 3,4,5,6,7

P(X=3)=2/12 P(X=4)=2/12 P(X=5)=4/12  P(X=6)=2/12 P(X=7)=2/12
X 3 4 5 6 7
P(X) 2/12 2/12 4/12 2/12 2/12

=5
CASE BASED QUESTIONS
1 ()c ()b (i) a (ivic  (v)d
2 ()b (i)c (ii)d (v)c (v)a
3 ()b ()b (ii)c  (v)c (v)b
4 ()d (i)c (i)c (v)a (v)a

5 ()b (i)c (i)c (v)d (V)b







